A basis for a Banach space B is a sequence {e \ such that, for each x in B, there is a unique sequence of numbers {α<} such that ΣΓα^i converges strongly to x, i.e., A normalized basis is a basis {ej such that ||β;|| -1 for all i. A basic sequence is any sequence that is a basis for its closed linear span.
It apparently was known to Banach (see [1, pg. Ill] and [3] ) that a sequence {βj whose linear span is dense in a Banach space B is a basis for B if and only if there is a number e > 0 such that a^ h> ε Σ a< if k < n and {αj is any sequence of numbers. The largest such number ε is the characteristic of the basis. It follows directly from the triangle inequality that, if 1 ^ p <^ q <^ n, then Σ Wi ^ \ ε Σ α<e,
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An unconditional basis for a Banach space B is a subset {e a } of J5 such that for each x in B there is a unique sequence of ordered 409 pairs (a iy e a [i) ) such that ΣΓ cb&au) converges strongly and unconditionally to x. By arguments similar to those used in [1] and [3] for a basis, it can be shown that a subset {e a } whose linear span is dense in B is an unconditional basis for B if and only if there is a characteristic ε for which if B c A and A is a finite subset of the index set.
A uniformly non-square Banach space is a Banach space B for which there is a positive number δ such that there do not exist members x and y of B for which || x || <; 1, \\y\\ ^ 1, i-(x + y) I > 1 -δ and Ii-(a -y) I > 1 -d .
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A uniformly convex space is uniformly non-square and a uniformly non-square space is reflexive [6, 19 , g n } of the unit balls of X and X*, respectively, such that
(ii) There exist positive numbers a and β such that, for every positive integer n, there is a subset {x 19 , x n } of the unit ball of X for which \\ x \\ > a if xe conv {x λ , , x n } and, for every positive integer k < n and all numbers {a lf , a n }, Proof. It will be shown that, if there are numbers Φ and ε for which Φ > 1, 0 < s <£ 1, and there does not exist such a number s, then B has property (ii) of Theorem 1 with a = 1/2 and β = ε. Let n be an arbitrary positive integer greater than 1.
Let ^ be a number for which
2n Then choose λ such that θ ιμ < λ < 1, X 2 Φ > 1, and
Choose s > 1 and close enough to 1 that λw < n ίls . Then
Since there is a basic sequence {ej with characteristic not less than e and a sequence {αj for which (1) is false, there also is a least positive integer m for which (5) where the sup is over all m-tuples of numbers (a lf •••, a m ). Since
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we have Φ < M tί Φ + I and it follows from (2) that
We shall show first that, for each k,
It follows from (3), (7) and (5) that, for each k, (7), (5), (10), (4) The duality argument used by Gurariϊ and Gurariϊ [4] in a similar situation does not seem easily adaptible to give a proof of Theorem 3 that makes explicit use of Theorem 2. Therefore a direct proof of Theorem 3 will be given. THEOREM 3. Let B be a super-reflexive Banach space. If ψ and ε are numbers for which 0 < 2φ < ε ^ 1, then there is a number r for which 1 < r < oo and, if {ej is any normalized basic sequence in B with characteristic not less than s, then (11) for all numbers {αj such that Σa^ is convergent.
Proof. Suppose that 0 < 2φ < ε ^ 1. It will be shown that if no such number r exists, then B has property (iii) of Theorem 1 with a' = 2^2/ε and β' > 1/ε. Let n be an arbitrary positive integer greater than 1. Let λ be a positive number for which 2φ < λ 2 ε and λ < 1 .
Then choose r > 1 and large enough that
If βi ^ 0 for each i, then it follows from (12) that
Since there is a basic sequence {ej with characteristic not less than ε and a sequence {αj for which (11) is false, there also is an m for which (15), (14), (17), and (13) It is stated in [4] that it is not known whether B is isomorphic to a space that is uniformly convex and uniformly smooth if, for each normalized basic sequence {ej in B, there are positive numbers φ, Φ, r and s such that l<r< oo,l<s< oo, and
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This conjecture would be strongly suggested by the next theorem, if it should be true that every super-reflexive space is isomorphic to a uniformly convex space. It would then also follow that uniform convexity, uniform smoothness, and super-reflexivity are equivalent within isomorphism and that the existence of numbers φ, Φ, r and s that satisfy the inequalities of Theorem 4 could be deduced from the results of Gurariί and Gurariϊ [4] . THEOREM 
Each of the following is a necessary and sufficient condition for a Banach space B to be super-reflexive.
(a) If 0 < 2φ < ε ^ 1 < Φ, then there are numbers r and s for which 1 < r < oo, 1 < s < oo, and, if {eJ is any normalized basic sequence in B with characteristic not less than ε, then 
Proof. It follows from Theorem 4 that super-reflexivity implies (a)
The implications (a) => (b) => (c) are purely formal. To prove that (c) implies that B is super-reflexive, let us suppose that B is not super-reflexive and that there exist numbers ε, Φ and s as described in (c). Choose a positive integer n such that
It is known that in (ii) of Theorem 1 we can require that ε < a -β (see the definition of P 3 and Theorem 6, both in [8] 
where {n(i)} is an increasing sequence of positive integers. Let e\ = w</| I %< 11. Then 11 (ΣΓ 11 % 11 011 is bounded, but there do not exist φ > 0 and 1 < r < oo such that φ ΣΓ II w* || r > 0wJ w is bounded. If {βj is not shrinking, there is a normalized block basic sequence {e"} such that || ΣΓ e"\\ > (l/2)n for all n. But there do not exist Φ and s > 1 such that Φn lls > (l/2)w for all n. Thus {ej is boundedly complete and shrinking, which implies B is reflexive [2, Theorem 3, p. 71] .
The next example shows that Theorem 7 can not be strengthened by assuming that (20) is satisfied only for a basis for B, even if φ -Φ = l, s = 2, and r is close to 2.
EXAMPLE. Choose r > 2 and positive integers {%} so that (w i )
(1/2)f> -1 > 2* for each i. For each &, let v k be the sequence that has zeros except for k initial blocks, the ith block having n { components each equal to (^)~1 /2 . Let B be the completion of the space of all sequences of real numbers with only a finite number of nonzero components and, if x -{&J, It follows from the facts that || v k || ^ 1 for all k and that a sequence has norm 1 if it contains all zeros except for one block of n { terms each equal to nγ 112 , that the natural basis for B is not boundedly complete and B is not reflexive.
It was shown by N. I. Gurariϊ [5, Theorem 7] that, for any r and s with 1 < r < oo and 1 < s < oo, there is a basis {βj for Hubert space such that for any positive numbers φ and Φ there are finite sequences {αj and {δj for which Thus for Hubert space there can be neither an upper bound p < oo for r nor a lower bound σ < 1 for s in Theorems 2-5, even if ^ and Φ are allowed to depend on the basic sequence.
